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• Course prerequisites

Ø Basic Knowledge of  Sets. 

Ø Basic Knowledge of  binary operations.

Ø Basic Knowledge of functions.

Ø Basic Knowledge of vectors.

CO Number Title Level 

CO1 1) The concept of partial derivatives and its application in real 
life situations

2) The concept of Multiple Integrals and its applications.

Remember & 
Understand

CO2 The concept of Group theory and its application of analysis to 
Engineering problems.

Remember & 
Understand

CO3 The concept of vector spaces in a comprehensive manner. Remember & 
Understand

Course Outcomes 



Topic Outcomes
• Students will able to understand basic concept of inner product spaces

• Students will able to understand basic concept orthogonal and
orthogonal sets.

• Students now able to apply Gram-Schmidt Orthogonalization Process
for orthonormal basis.
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Inner-Product Spaces

A vector space V over F is called an inner product space if there is a 
function 𝑓: 𝑉×𝑉 ⟶ 𝐹 satisfying the following conditions:

For 
(i) 
(ii) 
(iii)

is generally denoted by any one of the following symbols
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Inner-Product Spaces
Results:
(1) In an inner product space V ; for all 

(i) 
(ii)
(iii) 
(iv) 
(v)

(2) For all 
(3) Every inner product space is a metric space.
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Inner-Product Spaces
Examples:
• The space of n-dimensional arrays with real coefficients is an inner 

product space.
If v=(v1,…,vn) and w=(w1,…,wn) then:

áv,wñ=v1w1+…+vnwn
• If M is a symmetric matrix  (M=Mt) whose eigen-values are all 

positive, then the space of n-dimensional arrays with real 
coefficients is an inner product space.
If v=(v1,…,vn) and w=(w1,…,wn) then:

áv,wñM=vMwt
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Inner-Product Spaces
Examples:
• The space of m x n matrices with real coefficients is an inner product space.

If M and N are two m x n matrices then:
áM , Nñ=Trace(Mt N)

• The spaces of real-valued functions defined in 1D, 2D, 3D,… are real inner 
product space.
If f and g are two functions in 1D, then:

• The spaces of real-valued functions defined on the circle, disk, sphere, 
ball,… are real inner product spaces.
If f and g are two functions defined on the 
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Inner-Product Spaces
Orthogonal / Unitary Operators
If V is a real / complex inner product space, then a linear map A:V→V is 
orthogonal / unitary if it preserves the inner product as áv , wñ= áAv , Awñ
for all v, w ÎV .
Examples: If V is the space of real, two-dimensional, vectors and A is any 
rotation or reflection, then A is orthogonal.

A=

v
2

v
1 A(v2)

A(v1)



Inner-Product Spaces
Orthogonal vector:
𝑢 ∈ 𝑉 is said to be orthogonal to 𝑣 ∈ 𝑉 if < 𝑢|𝑣 ≥ 0.
Orthogonal complement:
If W is a subspace of V, then an orthogonal complement of W (denoted by 𝑊!

defined by 𝑢 ∈ 𝑉:< 𝑢 𝑣 ≥ 0 ∀ 𝑤 ∈ 𝑊
Note: 𝑊!! = W.
Orthogonal set:
A subset X of V is said to be an orthogonal set if for any 𝑥, 𝑦 ∈ 𝑋, < 𝑥|𝑦 >=
0 whenever 𝑥 ≠ 𝑦.
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Inner-Product Spaces

Orthonormal set:
A subset X of V is called an orthonormal set if
(i)   ‖𝑥‖ = 1 ∀ 𝑥 ∈ 𝑋
(ii) For any 𝑥, 𝑦 ∈ 𝑋, < 𝑥|𝑦 >= 0 whenever 𝑥 ≠ 𝑦.
Results:
• Any orthogonal set of nonzero vectors is linearly independent.
• (Gram-Schmidt Orthogonalization Process) Every finite dimensional inner 

product space has an orthonormal basis.
• For each subspace W of a finite-dimensional inner product space V, 

𝑉 = 𝑊⊕𝑊!
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